Abstract. Some reverse Jensen's type trace inequalities for convex functions of selfadjoint operators in Hilbert spaces are provided. Applications for some convex functions of interest and reverses of Hölder and Schwarz trace inequalities are also given.
Introduction
Let (H, ·, · ) be a complex Hilbert space and {e i } i∈I an orthonormal basis of H. We say that A ∈ B (H) is a Hilbert-Schmidt operator if (1.1)
It is well know that, if {e i } i∈I and {f j } j∈J are orthonormal bases for H and A ∈ B (H) then ( for {e i } i∈I an orthonormal basis of H. This definition does not depend on the choice of the orthonormal basis.
Using the triangle inequality in l 2 (I) , one checks that B 2 (H) is a vector space and that · 2 is a norm on B 2 (H) , which is usually called in the literature as the Hilbert-Schmidt norm.
Denote the modulus of an operator A ∈ B (H) by |A| := (A * A) 1/2 . Because |A| x = Ax for all x ∈ H, A is Hilbert-Schmidt iff |A| is Hilbert-Schmidt and A 2 = |A| 2 . From (1.2) we have that if A ∈ B 2 (H) , then A * ∈ B 2 (H) and A 2 = A * 2 . The following theorem collects some of the most important properties of Hilbert-Schmidt operators. for any A ∈ B 2 (H) and T ∈ B (H) ; (iii) B 2 (H) is an operator ideal in B (H) , i.e.
B (H) B 2 (H) B (H) ⊆ B 2 (H) ;
(iv) B f in (H) , the space of operators of finite rank, is a dense subspace of B 2 (H) ;
(v) B 2 (H) ⊆ K (H) , where K (H) denotes the algebra of compact operators on H.
If {e i } i∈I an orthonormal basis of H, we say that A ∈ B (H) is trace class if (1.7)
The definition of A 1 does not depend on the choice of the orthonormal basis {e i } i∈I . We denote by B 1 (H) the set of trace class operators in B (H) .
The following proposition holds.
, then the following are equivalent:
is the product of two elements of B 2 (H) .
The following properties are also well known. Theorem 1.3. With the above notations:
(vi) We have the following isometric isomorphisms
where K (H) * is the dual space of K (H) and B 1 (H) * is the dual space of B 1 (H) .
We define the trace of a trace class operator A ∈ B 1 (H) to be
where {e i } i∈I an orthonormal basis of H. Note that this coincides with the usual definition of the trace if H is finite-dimensional. We observe that the series (1.9) converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace.
(ii) If A ∈ B 1 (H) and T ∈ B (H) , then AT, T A ∈ B 1 (H) and (1.11) tr (AT ) = tr (T A) and |tr (AT )| ≤ A 1 T ;
(iii) tr (·) is a bounded linear functional on B 1 (H) with tr = 1; (iv) If A, B ∈ B 2 (H) then AB, BA ∈ B 1 (H) and tr (AB) = tr (BA) ;
Utilising the trace notation we obviously have that
For the theory of trace functionals and their applications the reader is referred to [38] .
For some classical trace inequalities see [5, 7, 35, 50] , which are continuations of the work of Bellman [2] . For related works the reader can refer to [1, 3, 5, 29, 32-34, 36, 47] .
Consider the orthonormal basis E := {e i } i∈I in the complex Hilbert space (H, ·, · ) and for a nonzero operator B ∈ B 2 (H) let introduce the subset of indices from I defined by I E,B := {i ∈ I : Be i = 0} .
We observe that I E,B is non-empty for any nonzero operator B and if ker (B) = 0, i.e. B is injective, then I E,B = I. We also have for B ∈ B 2 (H) that
In the recent paper [26] we obtained among others the following result for convex functions. 
where
For related functionals and their superadditivity and monotonicity properties see [26] .
In [27] we obtained the following reverse of Jensen's inequality. 
For some inequalities for convex functions see [8-12, 28, 46] . For inequalities for functions of selfadjoint operators, see [14-23, 39, 41-44] and the books [24, 25, 30] .
Motivated by the above results we establish in this paper other trace inequalities for convex functions of selfadjoint operators. Some examples for convex functions of interest are also given.
New Reverse Inequalities for Convex Functions
We recall the gradient inequality for the convex function f :
Here f + (m) and f − (M ) are the lateral derivatives of the convex function f.
The following result holds.
Theorem 2.1. Let A be a selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m, M ] for some scalars m, M with m < M. If f is a continuos convex function on [m, M ] and P ∈ B 1 (H) \ {0} , P ≥ 0 is such that
We also have
for any P ∈ B 1 (H) \ {0} , P ≥ 0 such that
Proof. Since f is convex, then we have
This scalar inequality implies, by utilizing the spectral representation of continuous functions of selfadjoint operators, the following inequality
in the operator order of B (H).
Utilising the properties of the trace and the inequality (2.4), we have
By denoting
we have
which by (2.5) and (2.7) produces the second, third and fourth inequalities in (2.2). Since, obviously
then the last part of (2.2) also holds. The second part of the theorem is clear and the details are omitted.
The following result also holds.
Theorem
Proof. Since m1 H ≤ A ≤ M 1 H , it follows that m tr (P ) ≤ tr (P A) ≤ M tr (P ) for any P ∈ B 1 (H) \ {0} , P ≥ 0, which shows that
Further on, we recall the following result (see for instance [11] ) that provides a refinement and a reverse for the weighted Jensen's discrete inequality n min i∈{1,...,n}
where f : C → R is a convex function defined on the convex subset C of the linear space X, {x i } i∈{1,...,n} ⊂ C are vectors and {p i } i∈{1,...,n} are nonnegative numbers with P n := n i=1 p i > 0. For n = 2 we deduce from (2.10) that
for any x, y ∈ C and t ∈ 
Making use of (2.5) we deduce the first inequality in (2.9). Since
the last part of (2.9) is also proved.
Some Examples
For p > 1 and 0 < m < M < ∞ consider the convex function
Let A be a nonnegative selfadjoint operator on the Hilbert space H and assume that Sp (A) ⊆ [m, M ] for some scalars m, M with 0 ≤ m < M. If P ∈ B 1 (H) \ {0} , P ≥ 0 such that
and from (2.3) that
For p = 2, we have
and by (3.1) we get
for any P ∈ B 1 (H) \ {0} , P ≥ 0. Making use of the inequality (2.9) we have
for any positive operator A with Sp (A) ⊆ [m, M ] and for any P ∈ B 1 (H)\{0} , P ≥ 0.
In particular, for p = 2 we get
then the second inequality in (3.5) is not as good as the second inequality in (3.3).
For p = −1 and 0 < m < M < ∞ consider the convex function
The definition of Ψ −1 (·; m, M ) can be extended to the closed interval [m, M ] . We also have that
From the inequality (2.2) we get
while from (2.3) we get
for any positive definite operator A with Sp (A) ⊆ [m, M ] and P ∈ B 1 (H) \ {0} , P ≥ 0. Since m > 0, then tr (P A) ≥ m tr (P ) > 0.
From the inequality (2.9) we have
for any positive definite operator A with Sp (A) ⊆ [m, M ] and any P ∈ B 1 (H) \ {0} , P ≥ 0. In order to compare the upper bounds provided by (3.7) and (3.8) consider the difference
where 0 < m < M. We observe that if M < 3m, then the upper bound provided by (3.7) is better than the bound provided by (3.8). The conclusion is the other way around if M ≥ 3m.
If we consider the convex function
. Utilising the inequality (2.2) we have 0 ≤ ln tr (P A) tr (P ) − tr (P ln A) tr (P ) (3.9)
for any positive definite operator A with Sp (A) ⊆ [m, M ] and P ∈ B 1 (H) \ {0} , P ≥ 0.
From (2.3) we have
0 ≤ ln tr (P A) tr (P ) − tr (P ln A) tr (P ) (3.10)
From the inequality (2.9) we get We observe that, since ln x ≤ x − 1 for any x > 0, then
which shows that the absolute upper bound for ln tr (P A) tr (P ) − tr (P ln A) tr (P )
provided by the inequality (3.11) is better than the one provided by (3.10).
Reverses of Hölder's Inequality
We have the following result. 
Proof. If we write the inequality
for the operators P = Q q and A = SQ 1−q then we get
Observe that, by the properties of trace we have
It is known, see for instance [45, p. 356-358] , that if A and B are two commuting bounded selfadjoint operators on the complex Hilbert space H, then there exists a bounded selfadjoint operator T on H and two bounded functions ϕ and ψ such that A = ϕ (T ) and B = ψ (T ) . Moreover, if {E λ } is the spectral family over the closed interval 
If we apply the above property to the commuting selfadjoint operators S and Q, then we have two positive functions ϕ and ψ such that S = ϕ (T ) and Q = ψ (T ) . Moreover, using the integral representation for functions of selfadjoint operators, we have
Therefore, the inequality (4.5) is equivalent to
The second part follows from the inequality provided that (4.8) holds true.
